Introduction
Human gallbladder (GB) pain is typically described as pain in the right upper part of the abdomen lasting for 30 min or more and provoked by a fatty meal, but not all patients experience these classical symptoms. Gallstones are the common cause, but only a small minority of the 10% of the population with stones experience pain. GB pain, also known as acalculous biliary or functional biliary pain, is defined as a steady pain located in the epigastrium and right upper quadrant in the absence of gallstones or when no other structural abnormalities exist in the biliary tract [1] . This pain may occur up to 7.6% in men and 20.7% in women, and has received great interest in recent years [2, 3] . Patients with GB pain often pose diagnostic difficulties and undergo repeated ultrasound scans and oral cholecystograms. Sonography (oral cholecystography) combined with scintigraphy is commonly used to diagnose GB pain. Reproduction of pain within 5 -10 min of an injection of cholecystokinin (CCK) is also used to select a group of patients who may benefit from cholecystectomy [4] .
However, surgery is often conducted without any guarantee of relieving the symptoms. Previous attempts to provide an accurate predictor for relief of GB symptoms have not been successful with only about 50% of patients obtaining symptomatic relief following surgery [5] . Moreover, some patients without stones appear to have typical GB pain, but only half of them gain relief of their pain if the GB is removed. It is therefore important to have a way of determining whether the pain is actually arising in the GB, because similar symptoms can be produced by adjacent organs, such as the stomach, duodenum and pancreas, even without obvious disease.
Impaired motor function of GB and sphincter of Oddi has long been suspected to be a major factor contributing to GB pain. The presumed mechanism for the pain is obstruction leading to distension and inflammation. The obstruction might result from a lack of co-ordination between the GB and either the cystic duct or the sphincter of Oddi due to increased flow resistance or tone [2] . In other words, pain may be produced by contraction against resistance or stretch of the GB wall. When the GB is inflamed, artificial distension produces GB pain [6] .
The pain provocation test has been used as a diagnostic tool to select patients with impaired GB motor function who may benefit from the cholecystectomy. In the test CCK is injected intravenously to stimulate the GB to contract and to induce the biliary pain. It is clinically accepted that when a GB ejection fraction (percentage of the volume displaced during emptying) is less than 35% [7] or 40% [8] , then the GB motor function is considered to be impaired; otherwise, it is considered normal. It has been found that the GB pain of some patients has been alleviated after their GBs are removed [7, 8] . However, conflicting reports also exist [3, 5, 9] . These facts suggest that impaired GB motor function is not the only factor responsible for the pain.
As a type of visceral pain, GB pain arises from the GB and biliary tract with obstruction of the cystic or common bile ducts, which elevates pressure within the biliary system. Some researchers believe that the pain is directly related to intraluminal pressure of the biliary tract [10] . Gaensler (1951) examined the pain threshold of common bile duct for 40 patients before and after GB removal. It was found that the pain threshold varied from 14.7 to 59 mmHg [11] . Csendes et al. (1979) illustrated that the pain threshold is in the range 15-60 mmHg [12] . The great variation in the pressure range in these studies suggests that the sensor of the pain in the biliary system may be better associated with other mechanical factors associated with the intraluminal pressure, but not directly to the pressure alone. Similar observations were made for pain in the oesophagus, duodenum, gastric antrum and rectum, which seems to respond to mechanoreceptors in the gastrointestinal tract wall [13] . These mechanoreceptors are found to depend on the luminal circumferential wall strain rather than pressure, tension and volume [13 -17] .
In this paper, we study GB pain from the mechanical point of view, i.e. the human biliary system is considered as a pressure-flow dynamic system with a flexible wall. By estimating and comparing different mechanical factors from a group of patients, we were able to identify that the peak normal stress is the single most significant mechanical factor related to the pain felt by these patients. When this is used for pain prediction, a promising 88.2% positive correlation is achieved with the clinical observations of pain for 37 patients at the Academic Surgical Unit of the Royal Hallamshire Hospital at Sheffield, UK. We emphases that this new pain predictor can be derived from non-invasive measurements of geometry changes during the emptying, thus it may feasibly serve as an aid for real-time clinical diagnosis.
Model and method

Acquisition of clinical data during emptying
A CCK provocation test was carried on patients who had experienced repeated attacks of biliary-type pain in the absence of gallstones or any obvious causative findings [18] . After an overnight fast, they were given an intravenous infusion of saline (control) followed by an intravenous infusion of CCK (0.05 mg/kg body weight). Ultrasonography of the GB was used to monitor changes in shape, initial volume, emptying and wall thickness at 15 min intervals for 60 min. Note that pressure is not recorded in the experiments, which would require invasive techniques. The values of pressure for different subjects are predicted using the mechanical model (below) based on the volume and shape changes measured. The patients were unaware of which substance was being given and the test was only considered positive when the patients' usual "gallbladder" pain was reproduced following CCK infusion. Figure 1 illustrates schematically the pressure and volume variation with time during CCK provocation test. At point 1, the sphincter of Oddi is closed (see figure 2 ), the GB is in a fasting state, and its volume, pressure and stresses all reach their minimum levels. Between 1 and 2, a small but positive pressure difference between the liver and the GB exists, which allows the hepatic bile to be secreted slowly into the GB. During this refilling, although, the GB volume is increasing, the pressure in GB is more or less constant as the muscle relaxes. This is because the production of hepatic bile is low pressure (typically 10 mmHg or less), continuous and easily halted by any rise in pressure in the GB or common bile duct [19] . At point 2, CCK is infused, which causes the GB to contract. The pressure in the GB rises rapidly up to point 3 in 3-5 min, and exceeds the pressure in the common bile duct. During Figure 1 . Diagrammatic representation of GB refilling and emptying. Refilling starts at point 1 and stops at point 2. Emptying begins at point 2 and lasts until point 4, when the next refilling starts. Note t f is the refilling time t e is the emptying time, and t f < 6t e .
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this time, the sphincter of Oddi relaxes which lowers the pressure in the common bile duct further. The relative pressure in the GB is now much higher than the common bile duct, and the emptying phase takes place. For most of the subjects, this lasts for about half an hour. The time scale for refilling is usually the time lapse between two meals and is often more than six times longer than emptying.
Mechanical modelling
2.2.1 Predicting the pressure in gallbladder. GB emptying is caused by passive and active contractions due to the relaxation of stretch and CCK stimulation. The flow configuration in a biliary system is indicated in figure 2 . During emptying, the bile flow rate out of the GB, Q GB ( ¼ 2 dV/dt), is equal to the flow rate into the duct, Q duct , i.e.
where V is the GB volume, p is the GB pressure, R is the flow resistance, and p d , the pressure in duodenum, is taken to be about 6 mmHg [20] . Assuming that the GB volume change rate, dV/dt, is related to the pressure drop rate dp/dt [21] ,
where C is the constant compliance of the GB, we have
This is the same as the Windkessel model for the cardio-vascular system [22] . The general solution of this linear ordinary differential equation is
where p e indicates the pressure when the GB has completely emptied, which is chosen to be p e ¼ 11 mmHg [19] , and t e is the time taken for complete emptying. Complete emptying here means that the GB volume V e , at the end of emptying is V e ¼ 0.3V 0 , where V 0 is the volume as the emptying begins. Here, we chose V e ¼ 0.3V 0 since it was found that in normal subjects a 30 min infusion of CCK-8 at rate of 60 ng/kg per hour causes a mean reduction in GB volume of 73% [20] . If a GB is impaired, then the time taken for complete emptying would be much longer than the normal emptying time of about 30 min, i.e. its emptying will be incomplete when refilling starts.
In general, the GB compliance, C, differs from one patient to another, but, as a first approximation, we take the average value measured by Middelfart et al. for human GB, C ¼ 2.731 ml/mmHg [23] . (2) -(4), we can also solve for GB volume,
Gallbladder volume change and ejection fraction. From
where B is a constant, which is determined using the clinical measurements of GB volume at (0, V 0 ) (t, V) and (t e , V e ):
Substituting (6) into (5) we have successively:
and t e ¼ t ln ½ðV 0 2 BÞ=ðV e 2 BÞ ln ½ðV 0 2 BÞ=ðV 2 BÞ : ð8Þ
These measurements also allow us to calculate the GB ejection fraction (EF) at 30 min after emptying as
Note for subjects 33 -37 (in table 1), the emptying is so fast that it stops before 30 min. For these cases, EF is not estimated from (9), but is simply set to be 100%.
2.2.3
Estimating the passive peak stresses. In order to estimate the peak stresses in GB muscle during emptying, we assume that the GB is an ellipsoid of homogeneous isotropic linear elastic material, with a thin uniform wall thickness, h GB . The ellipsoid has a major axis D 1 , and two minor axes, D 2 and D 3 (D 1 $ D 2 $ D 3 ). Using Cartesian coordinates as shown in figure 3 , the mid-plane surface is described by
where u and w are the two independent angular variables for a point position on the surface, and u is in the meridian plane and measured from the positive z axis, u [ [0, p ]; whereas, w is in the latitude plane, which is perpendicular to z axis, and measured from the first quadrant of x-z plane, and w [ [0, 2p ]. The stresses in the ellipsoid surface under a uniform inner fluid pressure load p are given by [24] ,
where
The mean wall thickness of healthy human GB, h GB , is taken to be 2.5 mm [25] . The maximum normal stress is then
and the peak shear stress is
To estimate the values of s max and t max , the GB domain was divided into 200 £ 100 elements, and the values of the stresses were calculated from (11) at each node of the elements.
2.2.4
Contribution of the active normal stress. During emptying, the GB contracts due to CCK, which induces the active stress. In this study, for simplicity, we will assume that all Figure 3 . GB shape is assumed to be ellipsoidal during emptying, the major axis length is D 1 , the minor axis length are D 2 , and
. The GB is subjected to a uniform internal pressure. The stress due to this pressure at a point P has three components: s u (meridian), s w (latitude), and t uw (in surface).
patients experience the same level of CCK stimulation, which induces the same peak active normal stress. Thus, we use a uniform response curve to CCK, estimated from experiments [26] , as shown in figure 4 . This curve can be interpolated using
where s a max is the maximum active stress taken to be 8.82 mmHg, t CCK and t dc are chosen to be t CCK ¼ 1 min and t dc ¼ 7.5 min [27] . There are no reports on active shear stress due to CCK. Finally, the total maximum normal stress in the GB wall during the emptying is thus
It is emphasized again that the contribution of the active stress in this model is assumed to be uniform for all patients. As active stress is highly likely to be patient and deformation dependent, better and more realistic modelling of this contribution is required in future.
Results
The clinical data for 37 patients during emptying were provided by the Royal Hallamshire Hospital, Sheffield, UK. Based on these data, we have calculated various factors, summarized in table 1.
All the initial GB volumes are in the range of 15-35 ml, except for those of subjects 19 and 37, which have an initial volume of 60 and 10 ml, respectively. The average initial GB volume is 25.3 ml. The GB volume change versus time is plotted in figure 5 , for three typical subjects: 1, 18 and 37, which indicates, respectively, poor, fair and super-emptying behaviour. [26] . t CCK is the CCK response time, and t dc is the CCK decay time, s a max is the peak active stress. NB. For subjects 33-37, emptying is finished before 30 min. EF for these subjects is taken to be 100%.
The flow resistance varies from 1.7 to 392.6 mmHg/ml per minute, showing a significant variation across the subjects. The subjects with good emptying (large EF) have low flow resistance and those with poor emptying (small EF) usually present high resistance. In general, the resistance is in the range of 20 -70 mmHg/ml per minute. The average resistance is 53.4 mmHg/ml per minute, however the resistances of subjects 1 -3, and 5 are all higher than 130 mmHg. The resistance of the cystic duct of the prairie dog is found to increase from 50 to 120 mmHg/ml per minute when its GB changed from healthy status to that with gallstones after feeding with a cholesterol diet [28] . Thus if we can extend the experimental finding for prairie dogs to human, then it is likely that these with higher resistances indicate the unhealthy states.
The maximum values of the pressure, p max , for all subjects are given in table 1 and the pressure variation with time is illustrated in figure 6 for subjects 1, 18 and 37. It can be seen that the peak pressure of most of the GBs, except GB 19, is in the range of 15-20 mmHg. This agrees well with physiological values [20] . The GB pressure of subjects 1 -14, which have poor emptying, decreases more slowly with time. In general, the flatness of the pressure curves seems to be associated with poor emptying. In other words, a GB with poor-emptying is subject to a higher pressure for a longer period of time.
The GB shapes in the subject group in table 1 can be characterized by two main geometric types: those (type 1) for which the ellipsoid is elongated with k 2 . 1; and those (type 2) for which the ellipsoid is a spheroid and k 2 < 1. The peak normal stress level of first type is higher than that of second type; see figure 7 for subjects 12 (type 1, k 2 ¼ 1.22) and 17 (type 2, k 2 ¼ 1.0). The shear stress patterns for these two subjects are similar, with the maximum/minimum values occurring at the same orientation: u ¼ w ¼ 458, but are very different to the normal stresses. This is because the maximum value of the normal stress is much more sensitive to the geometric changes, therefore, its location and value can differ significantly for different geometric types.
When these factors are compared with the pain information from clinical observations in table 1, it shows that the direct correlations with pain of the flow resistance, shear stress, and 
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EF are all rather poor. The maximum pressure, p max , seems to be weakly correlated with pain. The most remarkable correlation, however, is found to be with the maximum normal stress s t max .
In the following, we consider three pain predictors based on (1) ejection fraction: EF , 35%, which is commonly used in clinics, (2) pressure: p . 15.4 mmHg (15.4 mmHg is estimated when patients' average EF is 35%) and (3) maximum normal stress: s t max . s * , where s * ¼ 200 mmHg is from an average value calculated from pressure measurement by Gaenseler [11] . The results of the predictions are listed in tables 2 -4.
From table 3, it is clear that all predictions using s t max are correct except for GBs 11, 12, 17, 18, 20, 22 and 35, thus out of 37 cases, 30 agree with the clinical observations. For comparison, if we use EF , 35% as the pain threshold, the results are far less positive, with less than half agreeing with clinical data. The correlations of the shear stress and resistance are also poor to pain. The results from using p . 15.4 mmHg is better than using EF, but not as good as using s t max .
In order to see how reliable these predictions are, below we analyse these from a more rigorous statistical standpoint, making use of the logistic transformation (see appendix A). Table 5 is the 2 £ 2 contingency table for the three pain related indices, EF, p max and s t max , where the counts of the success and failure based on clinical observations are listed. The corresponding success and failure rates are also listed in brackets. It can be seen that the success rates of positive (pain) and negative (no pain) predictions using EF is all less than 0.5. Therefore, this index has no prediction power and should be rejected.
The success rates of the positive and negative predictions using p max are somewhere between 0.5 and 0.7. Interestingly, the rate of its negative prediction is better than the positive prediction. However, for s t max both (positive and negative) the success rates are over 0.75, with the positive (pain) prediction as high as 0.882.
The 95% confidence intervals for the success rate of pain and no pain predictions are shown in table 6. The difference between the success rates of positive and negative predictions can be seen by using the ratio of odds from the two rows in the 2 £ 2 contingency table (see table 5 ). The inference for the odds ratio of positive (pain) and negative (no pain) predictions is summarized in table 7 for both p max and s t max . The 95% confidence interval for odds ratio of success rate of positive (pain) and negative (no pain) prediction with p max is (0.60, 0.769) i.e. using this index, the success rate of pain prediction is at least 23.1% less than no pain prediction. Whilst with s t max this is (1.373, 1.605), thus the success rate of pain prediction is 37.5% higher than no pain prediction. This is important as in clinical diagnosis, the significance of a reliable positive prediction is much greater than that of a negative prediction. Therefore, we believe that the peak normal stress is the better pain prediction compared with the maximum pressure (table 7) .
Discussions
Our study shows that the peak normal stress is a good index to use for pain prediction. This prediction is correct for all but seven subjects (table 4) in all 37 cases studied. A reason for the seven failed cases could be that these patients have slightly lower or higher pain threshold levels than the standard value used. It is also likely to be the simplifications introduced in the model, such as a uniform GB compliance, and an elliptical GB shape, which are used in the model for every subject, whereas in reality, should all be subject-dependent. It is important to realise that the peak normal stresses in GB wall not only depend on the pressure p, but also on its geometry, D 1 , D 2 and D 3 , and their relative ratios, see table 1. In fact, we believe that it is through the normal stress mechanism that the effects from both the pressure and the geometry change come into play in producing pain. Additionally, it is interesting to note that a poor emptying rate (a lower ejection fraction) is not necessarily associated with the pain, subjects 1 -4, 7 and 10 -12 have all showed poor emptying, but do not experience any pain, both from the model prediction, or from the clinical observation. The GBs with super emptying (a larger ejection fraction value) can also demonstrate pain, for instance, subjects 31 and 34. Therefore, the ejection fraction is not considered to be a good indicator for pain prediction. This is important since impaired GB emptying is still used as the clinical criterion for cholecystectomy [1] . Our study clearly suggests that this criterion needs to be reviewed.
However, we should point out that there are limitations in our current approach. We have assumed here that the GB is an ellipsoid, which is a commonly adopted assumption in clinical practice (e.g. in real-time Ultrasonography). However, this approximation can cause an error up to 10% in estimates of GB size [29] . Our model can be improved if the GB volume can be obtained more accurately, which may be possible with improved clinical instrumentation. Another limitation is that we have assumed that GB behaves as a homogenous linear isotropic elastic material. Future work is required to estimate the importance and influence of nonlinearity and anisotropy on the stress calculations. We have also assumed a uniform thickness of GB wall, which may also bring in some degree of inaccuracy in our predictions. Detailed measurement of the thickness changes, especially when GB wall is in contraction, is required before any further analysis can be carried out. In addition, although this model has included both active and passive stresses, the active stress is not obtained from the smooth muscle mechanics, rather it is taken to be the same typical form for all subjects applied uniformly over the GB wall. In practice, this also varies with individual subject. There should be a range of values for the threshold stress at which patients can feel pain, i.e. the pain sensitivity is individual. Using a standard value of 200 mmHg here is only an approximation. Finally, the number of clinical samples that we have been able to use over the last few years is still relatively small, being 37 only. For a more reliable pain prediction, more samples should be included. Further and more extensive studies from our and other groups are clearly required. Much greater knowledge about the smooth muscle function in the GB, remodelling and growth during abnormal emptying, and the mechanical sensor related to the pain, as well as the individual pain threshold, are all required in order to understand the precise mechanism of the GB pain.
Having mentioned all these limitations, it is encouraging that a simple model based on non-invasive clinical measurement (volume changes) may be used to predict the pain with 88.2% positive success rate for the samples studied. However, although, this study suggests that a simple model can provide a good first approximation to this complicated problem, more extensive studies on a wide range of patients under more controlled conditions (on age and gender) are clearly required to confirm this.
Conclusions
In this paper, a simple GB model is developed to evaluate the correlations of the mechanical factors with GB pain, based on clinical data for 37 patients. These factors include the GB pressure, ejection fraction, flow resistance, shear stress, and peak shear and normal stresses. It is found that the peak normal stress is the best mechanical factor that may be used to predict the GB pain. Using this as a pain criterion, the agreement with 37 clinical observations (for positive prediction) is about 88.2%. On the other hand, it is found that, a poor emptying, the maximum pressure in GB, the peak shear stress, and the flow resistance, do not correlate directly with pain. This is because the normal stress in GB wall depends not only on the GB pressure (i.e. flow resistance), but also on the GB geometry. Although this is simple model and has only been tested for 37 patients, its simplicity, and the fact that it requires the minimum clinical data, makes it a promising potential as one of the routine clinical diagnostic methods.
The endpoints of 95% confidence interval for the ratio of odds are [30] u low ¼ e u21:96s ; ðA12Þ and u high ¼ e uþ1:96s ðA13Þ A n 1 ( p 1 ) n 2 (1 2 p 1 ) n 1 þ n 2 B n 3 ( p 2 ) n 4 (1 2 p 2 ) n 3 þ n 4
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